Electron - hole asymmetry and activation energy in quantum Hall ferromagnets 
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We argue that the dissipative transport in ferromagnetic quantum Hall effect liquids at v — 2N + 1 
is dominated by the thermal activation of pairs consisting of an electron and an antiskyrmion 
(topological texture which represents a hole with 'screened' exchange interaction), thus manifesting 
the lack of electron-hole symmetry in quantum Hall ferromagnets. We find that the activation 
energy of such a pair is not the exchange energy, but is determined by the interplay between the 
excess Zeeman energy of a skyrmion and the charging energy of its topological texture. 
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Due to the electron-electron exchange interaction, the 
system of two-dimensional (2D) electrons filling com- 
pletely an odd-integer number of spin-polarized Landau 
levels (LL) form an incompressible liquid with ferromag- 
netic properties The incompressibility of such a 
liquid is usually studied experimentally by measuring the 
activation energy, £, in the dissipative part of the conduc- 
tivity tensor, a xx cx e~ £ ^ 2T . The activation energy (at, 
for instance, v = 1) reflects the enhancement of a gap 
in the excitation spectrum of quantum Hall ferromag- 
nets (QHF's), as compared to the bare Zeeman energy 
of 2D electrons, ez- For a long time, it was believed ||] 
that the experimentally observed £ is nothing but the 
activation energy, So > of a pair consisting of a free elec- 
tron and a hole at the filled spin-polarized Landau level, 
which is determined by the intra-LL exchange interac- 
tion (Qf = / dzV(\V2l)e- z w y/^/2(e 2 /Xx) for v = 1, 
A = y/hc/eB). 

However, there is growing experimental evidence that 
the energy required for activation of a dissipative current 
in QHF's in 2D systems with a reduced value of bare 
Zeeman splitting is much less than 9o- The accumula- 
tion of this evidence is accompanied by extensive theo- 
retical studies of skyrmions - charge carriers whose 
exchange interaction with the ground state electrons is 
'screened' by a topologically stable spin polarization tex- 
ture. For ez <C 3o, the activation energy of a skyrmion 
- antiskyrmion pair is determined by a smaller inter- 
LL exchange energy (Sy, = f dzV(\V2z)e~ z Li(z) w 
h \J 7T / '2(e 2 / 'Ax) for v — 1), which is the result of a lo- 
cal twist of the spin-polarization field and requires the 
mixing of different Landau levels. 

Nevertheless, even despite the factor of two reduction, 
the activation energy of a skyrmion-antiskirmion pair is 
too large to explain the experimentally observed ten- 
dency [}7|-pT| of a gap in quantum Hall ferromagnets with 
a small Zeeman energy to diminish, when ez 0. In 
the present paper, we propose an alternative scenario for 
the activation of charge carriers in QHF's by exploiting 
the lack of electron-hole symmetry in such a system. Be- 
low, we argue that a dissipative current in QHF's (in the 



thermodynamic limit) is provided by thermal activation 
of a couple consisting of one single-particle electron and 
an antiskyrmion (the latter represents a hole with an ex- 
change interaction 'screened' by a topological texture). 
Such an asymmetric pair has activation energy 



£ = ae 1 z /3 E 2 c /3 ln 1 ' 3 



p 2/3 1/3 



Er 



XA' 



(1) 



(with a « 0.9), which is much smaller than even the 
inter-LL exchange energy. The same quantity, £ also 
determines the jump in the chemical potential of the 2D 
system across the unit filling factor. Together with the 
idea of the electron-'hole' asymmetry, Eq. (|l|) for the 
transport activation energy represents the main result of 
this paper. 

First, we would like to comment on the idea of the 
electron-hole asymmetry of thermodynamic properties of 
the QHF. When analyzing QHF's, it is very tempting to 
restrict the microscopic analysis to only a couple of spin- 
split Landau levels |]| (spin- up/down n = for v = 1). 
After such a premature projection onto the lowest LL, 
the symmetry between a single-particle electron at the 
excited-spin LL and a hole at a completely filled one 
is artificially created, and it dominates in the further 
analysis making all thermodynamic properties of a liq- 
uid symmetric ad hoc with respect to the electron-hole 
transformation. In particular, this places the energies of 
an electron/hole and also of a pair of a skyrmion and 
antiskyrnion symmetric with respect to the chemical po- 
tential of a liquid, which has, then, to be placed half- 
way between the energies of equivalent spin-split carriers. 
However, a more cautious analysis of the skyrmionic tex- 
ture energy requires the mixing of Landau levels by the 
gradients of the exchange field and cannot be obtained 
without consistently taking into account other LL's. Tak- 
ing account of the higher LL's can be done following 
various roots, and it results in both spin rigidity of a 
polarized liquid and in a topological term in its energy 
which strongly distinguishes between skyrmionic excita- 
tions corresponding to the addition or subtraction of a 
physical electron. 
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The formation of a skyrmion aims to reduce the ex- 
change energy of a charged carrier (an electron or a hole 
at the filled LL) by smoothly adjusting the spinor wave 
functions of neighboring electrons in such a way that in 
the locally rotated spin-coordinate system there would 
be one completely filled spin-polarized LL. We descri- 

) = U ( r )^( r ) to the local 
spin-coordinate system, where the spin-density matrix 



bet he transformation 



is diagonal A 



)/2, using unitary rotations, U 



from the group U(2) |12|. After such a tranformation, 
the LL in the rotated spin-coordinate system have to be 
slightly modified by taking into account an additional 
non-Abelian gauge field, 

ft(r) = U(r) (-WU\r)) = (idU(rj\ U*(r), (2) 

which has all three independent spin-matrix components: 
f2(r) = a a a a (a 1 ' 2,3 stand for Pauli matrices). One of 
those three, defined as a 3 (r) = tr(Ail(r)), produces the 
same effect, as an additional 'magnetic field' J12|, 



[d x a 3 y - d v al] = i-tr (A [Q x , n y 



(3) 



which changes the capacity to accommodate electrons in 
one 'gauge-transformed' LL (as compared to a homoge- 
neously polarized one) by q = J p(r)dr real particles, 
where 

p=-tr(A[a x ,a y }) 7 and0 = ^. (4) 

The latter relation takes into account whether the ad- 
ditional field b should be added, or subtracted from the 
external magnetic field value, which is the the first in- 
dication the 'electron'-'hole' symmetry in the system is 
violated. Note that, for the reversed-spin LL in the ro- 
tated frame, the same fi(r) of the same texture in U(r) 
produces the opposite effect, so that the total number of 
states available at one LL remains the same (trSl = 0) . 

The texture with q — 1 corresponds to one added par- 
ticle and represents an electron with 'screened' exchange 
interaction (skyrmion); q = —1 is analogous to a 'hole' 
(antiskyrmion) . Both of them are topologically stable 
textures in the local spin-polarization field of a liquid, 
n a = tr(U(j a W A), which can be classified using the ho- 
motopy group 7T2(U(2)/[U(1) x U(l)]), that is, using the 
index of mapping of a 2D plane onto a unit sphere, 



dr 
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' 1/S e zij n d i n'd :j n s = -6q. 



The presence of a spurious gauge field a a also affects 
the energy of a liquid, due to the exchange interaction, 
and it results in two contributions to the energy of a 
twisted texture. One is generated by off-diagonal com- 
ponents a 1 and a 2 of the gauge field O. Since, in the 



rotated coordinate system, the Landau level is full and 
the liquid is polarized along the axis I3, these two com- 
ponents enter only as perturbations in the second order, 
tr ^Af2(l — A)fl^, thus producing the spin-rigidity term 

in the energy. This term always increases the energy of a 
liquid when the texture is deformed. The other contribu- 
tion comes from the diagonal (in the 13-basis) component 
of the non-Abelian gauge, and, as a diagonal term, it de- 
pends on the sign of the 'magnetic field' b. In fact, what 
matters is whether the exchange field of a texture tends 
to twirl electrons in the same direction as the external 
field B z , or opposite to it. Since the relative signs of 
b and B z determine whether the texture carries extra 
electrons, this generates the 'electron'-'hole' asymmetry 
for excitations in QHF's and makes an additional differ- 
ence between the energy shift of a polarized liquid upon 
adding or subtracting a real particle (electron) . 

In the following, we focus our attention on a single- 
carrier texture and study its energy using the standard 
root |Q of the Hubbard-Stratonovich transformation ap- 
plied to the partition function, Z = e~*/ T of the inter- 
acting electron gas, 



Z = J S^S^exp j--^- J , 



drE;, 



T = 1 dT J dr ^ ( dT -t i + H °- f^) ^ 

H = ^(-id-- c Af, p = T-\h=l, 

E int = \ J drdr'y(r-r')^(r)^(r)4(r')V/3(r'), 

where \i is chemical potential placed somewhere in the 
gap of the single-particle excitation spectrum of the sys- 
tem, fields ip obey anti-periodic boundary conditions, as 
a function of imaginary time r, and V > 0. Then, we 
expand the thermodynamic potential, $ = (E — fiN) 
with respect to the non-Abelian gauge field ^i(r) and 
its derivatives. The whole procedure is equivalent to 
the self-consistent Hartree-Fock calculation, and the only, 
but essential difference of this work from what has been 
published earlier is that (i) we do not assume a prema- 
ture projection of electron states onto the lowest Landau 
level, and (ii) after we find the presence of a topological 
term in the energy, we take it seriously. 

The Hubbard-Stratonovich transformation reduces 
functional integration over fermionic fields to the 
functional integration over the exchange mean field 
Q(r;r,r'),Qt( r , r ') = Q( r ', r ) : 



■ / drH iB 



DQe 



- f dr f drdr Fus 



where 



FHS = ^trQ(r;r,r / )Q t (r;r ) r') 



2 



+ v/3 y(r - Ftyt (r)Q^(r; r, r')^(r'). 

After integrating out fermions, the thermodynamic po- 
tential $ can be represented in the form of 



T 



</r / drdr'^Q(T;r,r')Qt(T;r,r') 



-Trln 



{i/ + VWr-r')Q(T;r,r')} 



where Tr stands for the complete trace, including spatial 
and imaginary time integrations of a properly ordered 
product of matrices jL4|. For comparison, in a homoge- 
neously polarized liquid, without taking into account the 
possibility to form topological textures, thermodynamic 
potential is equal to 



$ = \e z \N e + %N h - n [N e - N h ] 



(5) 



When studying the textured state, we use the 
saddle-point method to find the value of a matrix 
Q = U(t)Q(t; r, r')W(r'), which describes the exchange 
within one completely filled LL in the rotated spin-frame. 
The use of a saddle-point Q enables us to calculate the 
exchange part of the thermodynamic potential of the sea 
of electrons, 



T 







dT I drdr'^Q(T;r,r')Qt(r;r,r') 
o J * 



-Tr In {a r - ,i + H Q + H Q + y/S V{r - r')Q(r; r, r')} 

for a given texture with a given number of added or miss- 
ing particles, q. The non-Abelian gauge field f2 deter- 
mined by the texture is included into the perturbation 
term, 

H n = U{v)H U\v) -H = U(r) [H , f7 f (r)] . 

The saddle point equation for the exchange field of a full 
LL in the rotated spin-coordinate system can be obtained 
after applying the variational principle to ($) ex , 



Q(r;r,r') = 



V(r-r') 



G(t,x;t + 0,x'), 



and, then, solved perturbatively by expanding the Green 
function, G = \d T - fi + H + H n + ^/%V(r - r')Q~\ 
over Hq. An intermediate step of such a calculation, 
which is completely equivalent to the Hartree-Fock pro- 
cedure, can be schematically represented as 

= -Tr (H n G ) + ^Tr (H n G H n G Q ) 



~ J drdrdr'ti {{G Q H a G )„ tTr , V(t - r') (G i?oG ) 7 



where Go is the electron Green function in a system 
with one completely filled homogeneously polarized LL 
]l5| and indices after brackets indicate the 'outer' co- 
ordinates/time, whereas inside each product the full in- 
tegration is assumed. For the sake of convenience, we 
shall use the basis of LL's and inter-Landau level oper- 
ators a T — (p x ± i6py)\/v2 (where p = —id — eA/c, 
and 9 = eB z /\eB z \ indicates the direction of cyclotron 
rotation of a carrier), so that 

where fl T = U(r) [a T ,W{r)] = (fl x ± iOVl y )\/y/2, and 
lo c = \eB z \/mc. 

Using integral properties of Hermitian polynomials and 
recursion relations for Laguerre polynomials, L™, one fi- 
nally arrives (for oj c ^> 3) at 



2ttX- 



J drtr (An + fl- -Afl+Afl-) 



dr 
2tt 



{tr (AQ(1 - A)ft) + 6itv (A [Q x , Q y ])\ 



where 9^ is the inter-LL exchange, which can be also 
calculated for larger odd-integer filling factors, v = 2K + 
1, as 




M \L u {z)\} K {z) - L M -i(^)L^_ 1 ( 2 )] 



For the sake of a single-charged texture analysis, we 

use the parametrization U = (l + |w| 2 ) f \ w * 

of a unitary matrix (w can be related to the polarization 
vector as w = (n x + in y )/(l — n z )), and (<1>) CX takes the 
form of a conformally- invariant Belavin-Polyakov (BP) 
action ||, 

_ 3i r dv \dw\ 2 + 6i(d x wd y w* - d y wd x w*) 

{ } ™ = TJ 2^ (i + M 2 ) 2 ■ 

When the latter is taken alone, it is minimized || by the 
classical BP skyrmion, wq = (x + iOqy) / R, where R is 
the texture radius, and for one texture carrying q = I, 
or q — — 1 real particles, 



<*> ex = y[M+9] 



(6) 



We would like to emphasize that the above calculation 
results in only one part of the total thermodynamic po- 
tential of the electron liquid, $ = (E — (iN): namely, the 
^exchange energy of a texture. Since the total number of 
, Tr /particles in the liquid is changed by the texture, an extra 



3 



term — (j,q has to be added to ($) cx in order to obtain 
the actual <f>. Besides that, the 'excess' charge density, 
p carried by the texture with R 3> A is formed by many 
electrons, so that the thermodynamic potential has to be 
completed by the direct Coulomb energy term ||, 



'K — / ilnlr 



X R 64 ' 



One also has to bring forward the excess Zeeman en- 
ergy of a texture, 



$7 



£z 
2 



(1 



dr 



dr | £z |/A 2 
2tt (1 + \w\ 2 )' 



(7) 



Since, for the BP skyrmion solution, wq, the integral in 
Eq. (Q) logarithmically diverges at long distances, one 
has to study a modification of a topological texture by a 
conformally non-invariant <f>z- To that end, we expand 
the space of functions w onto w = (x + i9qy)/[Rf(r)], 
which incorporates a smooth cut-off function f(r) < 1, 
/(0) = 1 and /(oo) = 0, and has the same topological 
charge q = ±1 and nominal radius R, as wo. We find the 
cut-off function /(r) by minimizing the functional ( < £ > ) cx + 
<&z with respect to f(r), which results in f(r > R) » 
zKi(z), where z = (r/A)y2izA^ and K~i is the Bessel 
function, and gives us the minimal value for ($) ox + &z'- 



The latter equation shows that when, formally, £ < Qo 
and R 3> A (which is a stronger restriction), the ac- 
tivation energy of a neutral pair of charged carriers in 
the thermodynamic limit is equal to £ and is determined 
by the thermally activated pair consisting of an electron 
and an antiskyrmion. Under the approximation specified 
above, this activation energy depends on the inter-LL ex- 
change energy only weakly, that is, it is almost insensi- 
tive to the extent of the electron wave function across the 
heterostructure or quantum well, and also to the num- 
ber K of the highest occupied Landau level in the QHF 
(y = 2K + 1). The same energy parameter also deter- 
mines the jump of the chemical potential of a liquid Jll]] 
upon the variation of the filling factor across the integer 
value. The result specified in Eq. (|]) agrees with the acti- 
vation transport gaps measured in heterostructures with 
a vanishing Zeeman splitting ]^[Io[|. ft also explains a 
small value of £ observed in narrow quantum wells 0, 
where the limit £z — is partly hindered by spin-orbit 
coupling effects 1 1(3 . However, the energy factors which 



determine dynamical properties of QHF's may differ very 
strongly and require a further analysis. 
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ported by EPSRC, NATO CLG and EU High Field ICN. 



f[M + 9 ] + f (f 



In 



e z R 2 /X 2 J ' 



where 77 = 2e~ 2C , C is the Euler number. 

As the last step, we find the radius, R of a texture by 
optimising the sum ($) ox + &z(R) + $c(R) for a given 
q, so that 



R 



£z 



1/3 



hi 



2/3 



-1/3 



E, 



2/3 1/3 
C °Z , 



and we find that for a liquid with Ni skyrmions and N_i 
antiskyrmion the thermodynamic potential is equal to 

$ = E (yO?I + ?] + £|«I-«z)^, £ = ! ^. 

(8) 

Now, we can study the energy, (E) of the QHF with 
a small number of charged excitations of all types: N c 
single-particle (un-screened) electrons, 'plain' holes, 
Ni skyrmions and N_i anti-skyrmions (screened holes) 
added to exactly v = 2N + 1 state under the electri- 
cal neutrality condition, N c + N% — + N-%. Us- 
ing expressions in Eqs. @,(||) and the fact that N — 
N c + N!~ N h - N-i = 0, we find that 



(E) = e z N c + £N_! + {% + £ )JV X + % N h . 



(9) 
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